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5D SYM on 3D Sphere and 2D YM
Teruhiko Kawano and Nariaki Matsumiya
Department of Physics, University of Tokyo, Hongo, Tokyo 113-0033, Japan
It is shown by using localization that in five-dimensional N = 1 supersymmetric Yang-
Mills theory on S3, correlation functions in a sector are identical to correlation functions in
two-dimensional bosonic Yang-Mills theory.
1 Introduction
It has been observed that a correlation function in a gauge theory gives the same result as
the one in a matrix theory. The recent typical examples in our mind are four-dimensional
N = 4 supersymmetric Yang-Mills theory on S4 [1] and the ABJM model on S3 [2],
where the localization method was used to calculate the correlation functions exactly. A
similar application of the localization method to five-dimensional supersymmetric Yang-
Mills theory on S5 has been attempted in [3].
Contrary to an application of the localization method to an n-dimensional supersym-
metric gauge theory on an n-dimensional compact space, which has been seen to give rise
to a matrix model, we will in this paper study five-dimensional N = 1 supersymmetric
Yang-Mills theory put on Euclidean R2 × S3 by using the localization method.
To this end, one needs to pick up a supersymmetry as the BRST symmetry, and
a correlation function of the BRST invariant operators can be calculated by using the
localization method. In this paper, it will be seen that a correlation function of the
BRST invariant operators in the supersymmetric Yang-Mills theory yields the one in
two-dimensional bosonic Yang-Mills theory.
2 Five-Dimensional Super Yang-Mills Theory on R2×
S3
A vector supermultiplet in the five-dimensional N = 1 Yang-Mills theory consists of a
gauge field vM , a real scalar field σ, an auxiliary field D
α˙
β˙, and a spinor field Ψ
α˙, where
the indices α˙, β˙ label the components of the fundamental representation 2 of SU(2)
R-symmetry. The spinor field obeys the symplectic Majorana condition
(Ψβ˙)TC5ǫβ˙α˙ = (Ψα˙)
† ≡ Ψ¯α˙,
where T denotes the transpose, and ǫα˙β˙ is the invariant tensor of the SU(2) R-symmetry.
The auxiliary field Dα˙β˙ is anti-Hermitian and in the adjoint representation of SU(2)
1
R-symmetry;
Dα˙β˙ = −(Dβ˙ α˙)†, Dα˙γ˙ ǫγ˙β˙ = Dβ˙ γ˙ ǫγ˙α˙, Dα˙α˙ = 0.
Our notations for the charge conjugation matrix C5 and the gamma matrices Γ
M are
explained in Appendix . We assume that the gauge group G is a simple Lie group. All
the fields are in the adjoint representation of the gauge group G, and are denoted in the
matrix notation as
Φ = ΦATA
with the normalization tr
[
TATB
]
= δAB.
On a flat Euclidean space R5, the Lagrangian LV is given by
tr
[
1
4
vMNv
MN − 1
2
DMσD
Mσ − iΨ¯α˙ΓMDMΨα˙ + gΨ¯α˙
[
σ, Ψα˙
]
+
1
4
Dα˙β˙D
β˙
α˙,
]
(1)
where vMN is the field strength
vMN = ∂MvN − ∂NvM + ig [vM , vN ] ,
of the gauge field vM , and the covariant derivatives DMΦ is given by
DMΦ = ∂MΦ + ig [vM , Φ] .
The Lagrangian LV is left invariant under a supersymmetry transformation
δ(0)vM = −iΣ¯α˙ΓMΨα˙, δ(0)σ = iΣ¯α˙Ψα˙,
δ(0)Ψα˙ = −1
2
(
1
2
vMNΓ
MNΣα˙ + ΓMDMσΣ
α˙ +Dα˙β˙Σ
β˙
)
, (2)
δ(0)Dα˙β˙ = i
[
DMΨ¯β˙Γ
MΣα˙ + Σ¯β˙Γ
MDMΨ
α˙ + ig
([
σ, Ψ¯β˙
]
Σα˙ + Σ¯β˙
[
σ, Ψα˙
])]
,
where the transformation parameter Σα˙ is also a symplectic Majorana spinor;
Σ¯α˙ = (Σ
β˙)TC5ǫβ˙α˙.
When the system is put on R2 × S3, it is convenient to give the gauge field vM and
the spinor Ψα˙ in terms of three-dimensional tensors and spinors as
vm (m = 1, 2, 3), vz =
1
2
(v4 − iv5) , vz¯ = 1
2
(v4 + iv5) ,
Ψα˙=1 = λ⊗ χ+ + ψ ⊗ χ−, Ψα˙=2 = C−13 ψ∗ ⊗ χ+ + C−13 λ∗ ⊗ χ−,
D = D11 + 2 vz¯z, F =
1
2
D12, F¯ =
1
2
D21,
where ∗ denotes the complex conjugation, and the complex coordinates z, z¯ for R2 were
introduced by z = x4 + ix5, z¯ = x4 − ix5. The two-dimensional spinors
χ± =
1√
2
(
1
±i
)
,
2
are the eigenvectors of iΓ4Γ5; iΓ4Γ5χ± = ±χ±.
For the supersymmetry transformation (2), in going onto the R2×S3, we will pick up
one of the Killing spinors ǫ on S3 obeying that
∇mǫ = i
2
γmǫ,
and set
Σα˙=1 = ǫ⊗ χ+, Σα˙=2 = C−13 ǫ∗ ⊗ χ−.
On the R2 × S3, the supersymmetry transformation (2) no longer yields a closed
algebra. Note here that the covariant derivative Dmλ contains the spin connection ωm of
the unit round S3 as
Dmλ = ∂mλ+
1
4
ωabmγ
abλ,
where a, b = 1, 2, 3 denote the tangent indices. In order to obtain a closed algebra, we
will modify the transformation law of Dα˙β˙ by adding
δ′ǫD = −
1
2
(
ǫ¯λ− λ¯ǫ) , δ′ǫF = 12ǫTC3ψ,
to them, respectively.
One then finds that the modified transformation δǫ = δ
(0)
ǫ + δ′ǫ,
δǫvm = −i
[
ǫ¯γmλ− λ¯γmǫ
]
, δǫvz = −ǫ¯ψ, δǫσ = i
[
ǫ¯λ− λ¯ǫ] ,
δǫλ = −1
2
[
1
2
vmnγ
mn + γmDmσ +D
]
ǫ,
δǫψ = −
[−ivmzγmǫ+ iDzσǫ+ F C−13 ǫ∗] , (3)
δǫD = i
[
Dmλ¯γ
mǫ+ ǫ¯γmDmλ+ ig
([
σ, λ¯
]
ǫ+ ǫ¯ [σ, λ]
)
+
i
2
(
ǫ¯λ− λ¯ǫ)
]
,
δǫF = i
[
−ǫTC3γmDmψa + 2iǫTC3Dzλa + igǫTC3 [σ, ψ]− i
2
ǫTC3ψ
]
,
yields the closed algebra
[δη, δǫ] vm = −i (ξn∇nvm −Dmω)− (ǫ¯γmnη − η¯γmnǫ) vn,
[δη, δǫ] vz = −i (ξn∇nvz −Dzω) , [δη, δǫ]σ = −i (ξn∇nσ + ig [ω, σ]) ,
[δη, δǫ]λ = −i (ξn∇nλ+ ig [ω, λ])− (ǫ¯η − η¯ǫ) λ− 1
4
(ǫ¯γmnη − η¯γmnǫ) γmnλ,
[δη, δǫ]ψ = −i (ξn∇nψ + ig [ω, ψ])− (ǫ¯η − η¯ǫ)ψ − 1
4
(ǫ¯γmnη − η¯γmnǫ) γmnψ,
[δη, δǫ]D = −i (ξn∇nD + ig [ω, D]) ,
[δη, δǫ]F = −i (ξn∇nF + ig [ω, F ])− 2 (ǫ¯η − η¯ǫ)F,
with the transformation parameters
ξm = ǫ¯γmη − η¯γmǫ, ω = ξnvn + (ǫ¯η − η¯ǫ) σ,
3
where the covariant derivative ∇mvn includes the Levi-Civita connection Γkmn as
∇mvn = ∂mvn − Γkmnvk.
On the R2 × S3, since the three-dimensional sphere S3 is a curved space, one needs
to replace all derivatives on spinors in the Lagrangian LV by the covariant derivative
with the spin connection ωm. However, it isn’t enough to be invariant under the modified
supersymmetry transformation (3). In fact, to the original Lagrangian LV ,
tr
[
1
4
(vmn)
2 + 2 |vmz|2 − 1
2
(Dmσ)
2 − 2DzσDz¯σ + 1
2
D2 − 2vz¯zD + 2F¯F
−2iλ¯γmDmλ+ 2iψ¯γmDmψ + 4ψ¯ Dzλ+ 4Dz¯λ¯ ψ + 2g
(
λ¯ [σ, λ] + ψ¯ [σ, ψ]
) ]
one needs to add the two terms
L′V = −tr
[
ψ¯ψ + λ¯λ+ σσ + iσ (D − 4vz¯z)
]
, LCS = −ǫmnltr
[
vm∂nvl + i
g
3
vm [vn, vl]
]
,
to obtain the supersymmetric total Lagrangian
L = LV + L′V + 1
2
LCS.
One can then verify that δǫL = 0.
3 Localization
In this section, we will calculate the partition function of the five-dimensional supersym-
metric Yang-Mills theory on the R2 × S3 by using the localization method. In order to
make the path integral well-defined, the bosonic fields σ, D, F , and F¯ need to be ana-
lytically continued. Therefore, we will regard the scalar field σ as taking pure imaginary
values, and the auxiliary field D as a real field. Further, F¯ = F ∗.
To carry out the localization method, we will define the BRST transformation by
setting ǫ¯ to zero in the supersymmetric transformation (3) and by replacing the Grassmann
odd parameter ǫ by a Grassmann even one. It yields
δQvm = −iλ¯γmǫ, δQvz = 0, δQvz¯ = ψ¯ǫ, δQσ = iλ¯ǫ,
δQλ = −1
2
[
1
2
vmnγ
mn + γmDmσ +D
]
ǫ, δQλ¯ = 0,
δQψ = i [vmzγ
m −Dzσ] ǫ, δQψ¯ = F¯ ǫTC3, (4)
δQD = −i
[
Dmλ¯γ
mǫ+ ig
[
σ, λ¯
]
ǫ− i
2
λ¯ǫ
]
,
δQF = iǫ
TC3
[
−γmDmψa + 2iDzλa + ig [σ, ψ]− i
2
ψ
]
, δQF¯ = 0,
which is in fact nilpotent; δ2Q = 0, as it should be. Using the BRST transformation (4),
we will modify the Lagrangian L into L+ tLQ with a parameter t, where
LQ = δQtr
[
(δQλ)
† λ+ (δQψ)
† ψ + ψ¯
(
δQψ¯
)†]
.
4
The bosonic part of the extra Lagrangian LQ gives
L(B)Q =
1
2
tr
[
1
4
(vmn)
2 + 2 |vmz|2 − 1
2
DmσDmσ − 2DzσDz¯σ + 1
2
D2
+2 |F |2 + 2km (vmzDz¯σ − vmz¯Dzσ + iǫmnkvnz¯vkz)
]
where the Killing vector km was defined by
km = ǫ¯γmǫ
with the normalization (ǫ¯ǫ) = 1. On the other hand, the fermionic part of LQ gives
L(F )Q = itr
[
− λ¯γmDmλ− i
2
λ¯λ− igλ¯ [σ, λ] + ψ¯γmDmψ − i
2
ψ¯ψ − igψ¯ [σ, ψ]
−ikmψ¯γmψ + 2iλ¯Dz¯ψ − iψ¯Dzλ+ ikmψ¯γmDzλ
]
.
In the large t limit, t→∞, the fixed point, which is a solution to
[
1
2
vmnγ
mn + γmDmσ +D
]
ǫ = 0, [vmzγ
m −Dzσ] ǫ = 0, F = 0,
gives the dominant contribution to the partition function. In fact, the fixed point is given
by
vm = 0, D = 0, F = 0, vz = vz(z, z¯), σ = σ(z, z¯), Dzσ = 0. (5)
Substituting the background (5) into the original Lagrangian L, one finds that the
additional Lagrangian L′V only contributes and yields
LYM = tr[−σσ + 4iσ vz¯z], (6)
which is the action of the two-dimensional Yang-Mills theory after eliminating the scalar
field σ.
Around the fixed points, one needs to evaluate the path integral over the quantum
fluctuations. Since the bosonic fields σ, vz, and vz¯ have a non-trivial background as the
fixed point, we will expand the fields as
σ = σ(z, z¯) +
1√
t
σ˜(xm, z, z¯), vz = vz(z, z¯) +
1√
t
v˜z(x
m, z, z¯),
while the other fields are rescaled as Φ→ (1/√t)Φ˜, as in [2].
One also needs the gauge-fixing procedure for the evaluation of the path integral. We
will follow [2] and add to LQ the gauge-fixing term and the ghost term
tr[c¯∇mDmc+B∇mvm].
There remains the residual gauge symmetry, under which
σ → σ + ig [ω(z, z¯), σ] , vz → vz −Dzω(z, z¯), (7)
5
where the gauge transformation parameter ω is constant on the S3. Following [4, 5], one
can make use of the residual symmetry (7) and Dzσ = 0 in (5) to put the background
σ(z, z¯), vz(z, z¯) in the Cartan subalgebra of the Lie algebra of G such that
σ(z, z¯) =
r∑
i=1
σiHi, vz(z, z¯) =
r∑
i=1
viz(z, z¯)Hi, (8)
where Hi (i = 1, · · · , r) are the generators of the Cartan subalgebra of rank r, and σi
(i = 1, · · · , r) are constant with respect to z, z¯.
Therefore, for the residual gauge symmetry (7), we will follow the same BRST quanti-
zation procedure as for the two-dimensional Yang-Mills theory in [4, 5]. The path-integral
measure of the scalar field σ(z, z¯) thus results in the finite-dimensional integral over σi
(i = 1, · · · , r) and the determinant of the Fadeev-Popov ghosts.
One can thus see that the localization procedure has so far given the same Lagrangian
(6), the same fixed points (8), and the same BRST gauge fixing procedure as for the
Yang-Mills theory, - the exactly same results as in [4, 5], but, except for one point. In the
two-dimensional Yang-Mills theory, for the two-dimensional gauge fields vz, vz¯, the root
part ∑
α∈Λ
vαz(z, z¯)Eα,
∑
α∈Λ
vαz¯(z, z¯)Eα, (9)
where Λ is the set of all the root of the Lie algebra of G, and the root generators Eα
satisfy the algebra
[Hi, Eα] = αiEα, [Eα, E−α] =
r∑
i=1
αiHi ≡ α ·H,
show up in the Lagrangian (6) as
4g (α · σ) |vαz|2 , (10)
and yield the contributions to the partition function.
However, in our case, it no longer gives any contributions in the large t limit, t→∞.
One then proceeds to the evaluation of the one-loop determinants from the Lagrangian
LQ, which also contains the root part in (9) as the zero modes of vz, vz¯ upon expanding
them in terms of the harmonics on S3. To this end, we will follow the same procedure as
in [2, 6], - expanding all the fields in terms of the harmonics on S3 and performing the
Gaussian integration over them.
Up to an overall irrelevant normalization constant, the tedious calculation shows the
exact cancellation between the bosonic degrees of freedom and fermionic ones, but, except
for one pair. The zero modes of the scalar harmonics from vz, vz¯ do not cancel out the
contribution of one of the low-lying modes of the spinor harmonics from λ, ψ to yield the
same contribution as the discrepancy, which would come from (10) in the two-dimensional
Yang-Mills theory;∫
[dΦ] e−
∫
d5x(L+tLQ) −→
∫ ∏
α∈Λ
[dvαzdv
α
z¯ ] e
−
∫
dzdz¯ 4g(α·σ)|vαz |
2
.
The partition function in the supersymmetric Yang-Mills theory on R2× S3 thus exactly
reduces into the one in the bosonic Yang-Mills theory on R2, via the localization method.
6
4 Discussions
In the previous sections, we have seen that the five-dimensional N = 1 supersymmetric
Yang-Mills theory can be put on the product space R2 × S3 with supersymmetry kept.
Upon the localization, without losing any degrees of freedom, it reduces into the two-
dimensional Yang-Mills theory; namely, a correlation function in the BRST invariant
sector of the five-dimensional supersymmetric theory is identical to a correlation function
in the two-dimensional bosonic theory.
A conceivable extension of this work would be inclusion of hypermultiplets into the
five-dimensional theory [7]. It would be interesting to see what would happen in the
two-dimensional theory and to understand the relation to the proposal in [8].
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Appendix
The five-dimensional gamma matrices ΓM (M = 1, · · · , 5) satisfy
{
ΓM , ΓN
}
= 2δMN ,
and they are given in terms of the three-dimensional gamma matrices γm = σm (m =
1, 2, 3) as
Γm = γm ⊗ σ2, Γ4 = 1⊗ σ1, Γ5 = 1⊗ σ3,
where σ1,2,3 are the Pauli matrices.
The five-dimensional charge conjugation matrix C5 satisfies
(
ΓM
)T
= C5 Γ
M C−15 , (C5)
T = −C5,
where T denotes the transpose of the matrix, and it may be given in terms of the three-
dimensional charge conjugate matrix C3 = iσ2 as
C5 = C3 ⊗ 1.
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